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Compiling to Gate Sets Tailored to Qubit Variation

ABSTRACT

Near-term quantum computers are primarily limited by errors
in quantum operations (or gates) between two quantum bits
(or qubits). A physical machine typically provides a set of
basis gates that include primitive 2-qubit (2Q) and 1-qubit
(1Q) gates that can be implemented in a given technology. In
superconducting technologies, the current state of the art is to
implement the same 2-qubit entangling gate between every
pair of qubits (typically an XX- or XY-type gate). Entan-
gling gates, coupled with some 1Q gates, allow for universal
quantum computation.

We propose a radical idea — allow the 2Q basis gate(s)
to differ between every pair of qubits, selecting the best en-
tangling gates that can be calibrated between given pairs of
qubits. Then let the compiler synthesize the desired logical
gates for quantum programs from the gates that the qubits
prefer. We find that this approach can improve gate fidelities
by more than 10X and improve program fidelities exponen-
tially. We introduce a practical method for finding the best
entangling gate between two qubits, as well as a method for
synthesizing logical gate from these entanglers. Our proof of
concept focuses on the efficient synthesis of the high-fidelity
SWAP gate, the dominant gate in quantum programs on ma-
chines with near-neighbor interconnects, but we also ensure
implementation of a universal gate set with good fidelity.

1. INTRODUCTION

Quantum computers have the potential to solve problems
currently intractable for conventional computers [38], but
current computations are limited by errors [33], particularly
when interacting two qubits to perform a quantum gate op-
eration. This is not surprising, as qubits are engineered to
preserve quantum state and isolate from the environment, but
a quantum operation is the moment in time where external
control is applied from the environment to deliberately alter
a qubit’s state. To accomplish low-error gates, the control
mechanisms are carefully designed and the control signals
are carefully calibrated for each qubit or pair of qubits.

Similar to how classical computers use a small set of classi-
cal logic gates (AND, OR, NOT, XOR...) as building blocks
for larger circuits, current superconducting quantum devices
typically only directly support a universal gate set consisting
of a few 2Q gates and a continuous set of single-qubit (1Q)
gates. This paper will refer to the set of directly supported
quantum gates as basis gates. In the space of 2Q gates (see
Fig.1), any 2Q gate that is not locally equivalent to SWAP or
Identity at least partially entangles the two qubits that they act
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Figure 1: The Weyl chamber of 2Q quantum gates. The
non-local part of a 2Q gate is fully described by its posi-
tion in the Weyl chamber. CNOT and CZ are both rep-
resented by (%,0,0). The SWAP gate is at the top vertex

(%, %7 %) On the bottom surface, (7,,1,,0) and (1 —1,,1,,0)
represent the same equivalent class of gates. For exam-
ple, the two points Iy = (0,0,0) and /; = (1,0,0) both rep-

resent the 2Q identity gate /.

on. Any of these 2Q entangling gates can achieve universal
computation when added to 1Q gates [5].

Universality is however not sufficient for a good set of basis
gates. For example, in classical circuits while the NAND is
universal, building circuits from it alone is less efficient than
using a larger set of logic gates. On a quantum computer, all
2Q basis gates need to be routinely calibrated to maintain
high fidelity in the presence of device variations over time.
So it is impractical to support a large set of 2Q basis gate.
The 2Q gates outside of a device’s calibrated gate set have
to be decomposed by the compiler into alternating layers of
1Q and 2Q basis gates. Thus, the choice of the few 2Q gates
to directly support is important to device performance. On
the hardware side, the 2Q basis gates must have high-fidelity
hardware implementations. On the software side, they must
enable low-depth decomposition of other 2Q gates.

The superconducting transmons support XX- and XY-type
interactions [1, 18]. The strength of each of these interac-
tions depend on the type of coupling, coupling strength and
frequency detunings of the circuit elements [18]. A useful
visualization is the Weyl chamber space of 2Q gates (Fig. 1),
where the coordinates of a gate correspond to its non-local
part in Cartan’s KAK decomposition (see Section 2.2). In
the Weyl chamber, gates in the XX family form a straight



trajectory from Identity to CNOT/CZ, while gates in the XY
family form a trajectory from Identity to iSWAP. Traditional
choices of 2Q basis gates like CNOT and iSWAP are already
reasonably good at decomposing other 2Q gates. Three appli-
cations of either CNOT or iSWAP, along with 1Q gates, are
sufficient to synthesize any 2Q gate. However, the current
2Q basis gates on fixed-frequency transmons tend to have
much longer gate duration and up to about 10-50x higher
error rates than 1Q gates [14]. This speed constraint on the
two qubit gates typically arises because stronger drives (re-
quired for faster gates) leads to a combination of XX- and
XY-type interactions that increase the error. Therefore, we
see a larger room for improvement by relaxing the constraints
on the hardware side while accounting for the deviations in
the software.

There has been a recent proposal to implement faster and
higher-fidelity 2Q gates by allowing an XX or XY gate trajec-
tory to deviate from its standard path [25]. Quantum devices
typically have higher order terms that result in the deviation
of the experimentally realized native gate trajectory from the
expected gate trajectory. This deviation is particularly signif-
icant for fast gates enabled by large coupling or large drive
strength [14,23,31]. The standard approach is to suppress
these deviations by slowing the gate speed which increases
the susceptibility to the decoherence error. The alternative,
however, is to let each pair of qubits “choose” its own 2Q
gate trajectory. These deviated trajectories are more “native”
to the device.

The truly native gate trajectories can benefit from ex-
tremely short gate times and hence higher fidelity. But they
no longer pass through traditional basis gates like iISWAP
and CZ. Furthermore, on the same device, the native 2Q gate
trajectory on each pair of qubits is different. Thus, it is a
challenge to efficiently identify a good set of 2Q basis gates
from each native trajectory on a device. Our work addresses
this problem, both in the scenario where we assume full infor-
mation of the “native” trajectories, and in the less ideal case
where characterizing each point on the trajectory requires
nontrivial effort.

What are our requirements for a selected set of 2Q basis
gates? Following the principle of Amdahl’s Law, we pay
most attention to optimizing the synthesis of the SWAP gate
because of its importance to communication within programs
executing on superconducting devices. Due to the need to
mitigate crosstalk and other hardware constraints, supercon-
ducting devices usually have the sparse connectivity of a
grid lattice or a hexagonal lattice. Therefore, the compiler
has to schedule a series of SWAP gates before it can inter-
act two qubits that are not adjacent to each other. Although
clever mapping from logical to physical qubits can result in
a smaller number of inserted SWAP gates, we still observe
a high proportion of SWAP gates in post-mapping quantum
circuits. Besides efficient synthesis of the SWAP gate, we
also require the selected sets of 2Q basis gates to synthesize
other 2Q gates more efficiently than the baseline.

Our contributions include:

e Current choices of 2Q basis gates are along the straight
paths from Identity to standard gates like iISWAP and
CZ. Our work is the first to consider selecting 2Q ba-
sis gates from gate trajectories that deviate from the
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Figure 2: Overview of our work.

standard paths.

e In the 3D space of 2Q gates, we characterize the sets
of gates that enable the synthesis of SWAP in 1, 2, and
3 layers, respectively. Our approach can be applied
with other 2Q gates as synthesis target as well. We also
characterize the volumes of 2Q gates that enable the
synthesis of CNOT and B gates in 2 layers, respectively.
This provides guidance in selecting 2Q basis gates.

e We propose a method to identify good 2Q basis gate
from a native gate trajectory in the setting where we
have limited information about the trajectory. After
obtaining the positions of no more than ~10 points on
the trajectory, we can identify, for example, the shortest
gate on the trajectory that can synthesize SWAP in 3
layers, or the shortest gate on the trajectory that can both
synthesize SWAP in 3 layers and CNOT in 2 layers.

o To test our method, we simulate gate trajectories from
far-detuned transmon qubits, select 2Q basis gates from
them, and then test on a variety of benchmark circuits
including BV [4], QAOA [9], the QFT adder [35], and
the Cuccaro Adder [8].

The paper is organized as follows (also see Fig. 2). Section
2 provides background on the theory of 2Q gates, including
how they can be geometrically characterized as a Weyl cham-
ber, and how their entangling power is quantified. Section
3 discusses related work. Section 4 describes the hardware
that we simulate in this project to test our approach. Section
5 explains how we characterize the space of 2Q gates that
we consider suitable for basis gates. Section 6 includes a
discussion on calibration overhead, and our proposed method
to identify good basis gates in the setting where we cannot
afford to characterize too many points on each gate trajectory.
Section 7 evaluates the performance gains. Finally, Section 8
and 9 discuss the implications and future directions.

2. BACKGROUND

2.1 Qubits and gates



Unlike a classical bit that is either O or 1, a quantum bit
(qubit) can exist in a linear superposition of |0) and |1):
«|0) 4+ B|1) where a, 8 are complex amplitudes that satisfy
|a|> +|B|> = 1. The state of one qubit can be represented
by a 2-vector of the amplitudes o and 3. A system of n
qubits can exist in a superposition of up to 2" basis states,
and its state can be represented by a 2"-vector of complex
amplitudes. A quantum gate that acts on n qubits can be
represented by a 2" x 2" unitary matrix.

2.2 Geometric characterization of 2Q gates

Two 20 quantum gates Uy, U, € SU(4) are locally equiv-
alent if we can obtain one from the other by adding 1Q
operations: Uy = kjUsk, where k1, k, € SU(2) @ SU(2). For
example, CNOT and CZ are locally equivalent.

Any 2Q quantum gate U € SU(4) can be written in the
form of

U=k exp(—ig(txX DX +,Y @Y +1.Z07))k (1)
where X,Y,Z are the Pauli gates. This is called the Cartan
decomposition.

The space of two-qubit quantum gates can be represented
geometrically in a Weyl chamber (Fig. 1), where each point
stands for a set of gates that are locally equivalent to each
other [41]. The Cartan coordinates (fy,ty,t;) in Eq. (1) are
the coordinates of U in the Weyl chamber. They fully charac-
terize the non-local part of a 2Q gate. On the bottom surface,
(tx,1y,0) and (1 —ty,1,,0) represent the same equivalent class
of gates. The other points in the Weyl chamber each repre-
sents a different equivalence class of 2Q gates. We refer the
interested readers to [7] for a more thorough introduction to
the Weyl chamber. Note that other conventions of the Cartan
coordinates are also common. They usually differ from ours
by a constant factor of 7 or 27.

In this paper, when we talk about some gate G in the Weyl
chamber, we usually mean the local equivalence class of 2Q
gates that includes G.

2.3 Entangling power of 2Q gates

The entangling power [40] is a widely accepted quanti-
tative measure of the capacity of a 2Q gate to entangle the
qubits that it acts on, and an indicator for the ability of a 2Q
gate to synthesize arbitrary 2Q gates. For a unitary operator
U, the entangling power e,,(U) € [0, 2] is defined as the aver-
age linear entropy of the states produced by U acting on the
manifold of all separable states [40]. It is solely based on the
non-local part of U, which is characterized by the position of
U in the Weyl chamber.

A 2Q gate has 0 entangling power if and only if it is locally
equivalent to the Identity or the SWAP gate.

A 2Q gate U is called a perfect entangler if it can produce
a maximally entangled state from an unentangled one [41].
Perfect entanglers have entangling power no less than %. They
make up a polyhedron in the Weyl chamber that is exactly
half of the total volume. The 6 vertices of the PE polyhedron

are CZ(CNOT), iSWAP, VSWAP, v/ SWAPT, and the 2 points
that both represent viSWAP. The perfect entanglers with

maximal entangling power of % are also called special perfect
entanglers [34]. In the Weyl chamber, they are on the line
segment from CNOT to iSWAP. The B gate, which is at
the midpoint of this line segment, has the property that it
can synthesize any arbitrary 2Q gates within 2 layers [42].
However, there has been no proposal to directly implement
the B gate in hardware.

3. RELATED WORK

To the best of our knowledge, no prior work studies the
choice of 2Q basis gates from non-standard gate trajectories.

The most relevant to this project are recent works that
analyze which small sets of 2Q basis gates from standard
2Q gate trajectories can provide the most performance gain.
Murali et al. [19] test the performance of different points
from the 2Q gate sets of Google’s (fSim gates) and Rigetti’s
(XY gates) hardware on benchmark circuits by numerically
decomposition, with the overall circuit success rate as the
objective. Peterson el al. [29] use analytic techniques to study
which small subset of the XX gates achieve the best expected
fidelity when implementing random 2Q gates. They find
that the gate set consisting CNOT, its square root, and its
cubic root is almost as good as the entire set of XX gates in
implementing random 2Q gates. Huang et al. [13] proposes
using the square root of iSWAP as 2Q basis gate, instead of
using iSWAP or CNOT.

4. SIMULATION OF A NATIVE GATE TRA-
JECTORY

A variety of artificial atoms can be constructed out of su-
perconducting circuits where any two quantum levels can be
used to realize a qubit. The key requirements for an ideal
qubit are high coherence times, crosstalk-free coupling to
other qubits and fast control. The ubiquitous qubit in the
superconducting architecture called transmon can be mod-
elled as an anharmonic oscillator. Capacitively coupling two
transmons either directly or via another coupler element, typ-
ically leads to ZZ crosstalk. ZZ crosstalk is an always ON
interaction which shifts the frequency of one qubit based on
the state of the other qubit. This error is not corrected by most
quantum error correction schemes including the surface code
and leads to severe decrease in the circuit fidelity. Mitigation
of this static ZZ crosstalk has been experimentally demon-
strated by using carefully engineered couplers or microwave
drives [15,17,24,27,39,43]

Current superconducting NISQ devices either use tunable
qubits for fast gates with poor coherence or fixed frequency
qubits for slow gates but long coherence. Recently, there has
been a new proposal [25] that demonstrated a 13ns perfect
entangler between two fixed frequency transmons detuned by
2 GHz while simultaneously suppressing ZZ crosstalk. The
high qubit detuning further addresses frequency crowding
which reduces the yield of devices with increasing number of
qubits. To exemplify our protocol, we consider the Hamilto-
nian for the new architecture in Ref. [25], but reiterate that
the protocol can be applied to any quantum system.

The device image and schematic can be seen in Fig.3. The
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Figure 3: (a) Optical image of the device presented in
[25] shows two fixed frequency transmons coupled via a
tunable coupler. (b) Schematic for modelling the device
adapted from [31]

full system Hamiltonian of the two qubits coupled with a
tunable coupler is shown in Appendix A. Here, we highlight
the time-dependent term, I:IC(t), that describes the coupler
dynamics-

~ (0%
H.(t) = 0.(t)é" e+ 7%*2@2 2)

where ¢, is the coupler anharmonicity, ¢ is the annihilation
operator and the coupler frequency ®,(¢), corresponding to
the transition to it’s first excited, can be varied in time via the
flux through it’s superconducting loop. We realize two qubit
gates by either AC modulating or DC biasing of this coupler
frequency.

Before generating two qubit gate trajectories, we need
to choose the DC bias of the coupler frequency. We bias
the coupler frequency (w?) between the two qubit frequen-
cies (@, @p) such that the static ZZ term (i.e. for §(¢) = 0)
between the two qubits is tuned to zero. This is typically
achieved when « is positive.

This architecture natively supports strong parametrically
activated interactions between the two qubits. To generate
these native gate trajectories, we use a flux drive with carrier
frequency @; = |@, — @| and modulated by a flat-topped
Gaussian envelope. We evolve the time-dependent Hamilto-
nian and project the evolution propagator on the computa-
tional subspace to obtain the effective unitary operation w.r.t
the drive duration. This time ordered sequence of unitary op-
erations can be represented as a trajectory in the Weyl space
using Cartan coordinates. By examining the trace of the effec-
tive unitary propagator we can obtain the leakage outside the
computational space. The observed leakage rates are much
below the expected gate errors due to decoherence. Ideally
the above parametric modulation should result in an iISWAP
interaction between the two qubits. We note that using strong
drives to realize fast entangling gates often leads to dynam-
ical ZZ term that results in deviations from the ideal gate
trajectories in the Weyl chamber. These deviations despite
being completely coherent are traditionally categorized as
errors. Our scheme unlocks the use of this coherent resource,
thus enabling fast entangling native operations.

Cross-resonance gate, which is typically used for entan-
gling fixed frequency transmons, is not feasible due to the
high frequency detuning of 2GHz. So to provide a baseline
for comparing to the native trajectory, we also simulate a
direct CZ gate by applying a DC flux pulse to the coupler
(i.e. @y = 0). Note that because of it being a pure ZZ interac-
tion, the trajectory is along the line connecting /y and CZ (or
equivalently, from /; to CZ).

Figure 4: Gate A, decomposed into 2 layers with 2Q gates
B, C and 1Q gates a,b,c,d,e,f

S. SYNTHESIS OF 2Q QUANTUM GATES

5.1 Fidelity of a synthesized gate

If a 2Q quantum gate is not directly supported on a device,
it needs to be implemented by alternating layers of 1Q and 2Q
gates from the set of basis gates that are directly supported.
See Fig.4 and 12 for examples. We say that a decomposi-
tion is n-layer if it contains n layers of 2Q gates. Besides
the errors that come from noises in the quantum hardware, a
synthesized gate also suffers from the approximation error in
gate decomposition. Thus the total fidelity of a gate should
be the product of the hardware-limited fidelity and the de-
composition fidelity. In this work, the decomposition errors
are negligible compared to the hardware errors.

In our error model, decoherence is the dominant source of
hardware error. So two factors determine whether a 2Q gate
set is ideal for synthesizing a target gate: the duration of the
basis gates, and the depth of the decomposition circuit. We
need to take both into account when deciding on a strategy
for selecting basis gates.

5.2 An analytic method for determining 2Q
circuit depth

When deciding whether a potential basis gate is ideal for
synthesizing a target gate, we consider the depth of the de-
composition circuit as one of the factors. Given a 2Q target
gate A, and a 2Q gate B (or a gate set S), how to determine the
minimum circuit depth required for a decomposition of A into
B (or §) and 1Q gates? One can take a practical, numerical ap-
proach to finding this decomposition. For a given number of
layers, one can fix the 2Q gates and then numerically search
for the 1Q gates that can minimize the discrepancy between
the target unitary and the synthesized gate. One can start the
numerical search from 1 layer, and increment the number of
layers until the decomposition error gets below a threshold.
But a more efficient and accurate way to determine the circuit
depth is to apply the analytic method developed by Peterson
et al. [30].

Without going into the technical details, here we summa-
rize a key result from [34] that we adapt and apply in Section
5.3 and 5.4.

THEOREM 5.1. There exists a 2-layer decomposition of
20 gate A into B, C, and 1Q gates as in Fig. 4, if and only
if any of the I to 8 sets of 72 inequalities that depend on the
non-local parts of A, B, C is all satisfied.

For details of the theorem, the readers can look at The-
orem 23 of [30] or the implementation of the function in
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Figure 5: A general 2-layer decomposition of the SWAP
gate. Here x, ,,,,  can be replaced by any pair of 2Q
gates capable of synthesizing a SWAP in 2 layers.

our code . Note that Reference [30] characterizes the space
of 2q gates with LogSpec instead of the Cartan coordinates.
Both are valid ways to represent the non-local part of a 2Q
gate, but care must be taken when converting between the
two. A gate U usually maps to 1 point in the Weyl cham-
ber, but it usually maps to 2 points in the LogSpec space:
LogSpec(U) = (a,b,c,d) and p(LogSpec(U)) = (¢ + %,d +
$.a—%.b—13). If LogSpec(U) = p(LogSpec(U)) for all A,
B, and C, we only need to check one set of inequalities. If
LogSpec(U) # LogSpec(U) for 1, 2, or all 3 of A, B, and
C, we need to plug in different versions of the LogSpec and
check 2, 4, or 8 versions of the 72 inequalities, respectively.

5.3 Synthesis of the SWAP gate

On bounded connectivity architectures, SWAPs make up
a significant portion of all two-qubit gates. A SWAP gate
exchanges the quantum states of two neighboring qubits. A
2Q gate in a quantum program can be directly scheduled if it
acts on two physical qubits that are connected to each other,
but this is not the case in general. Superconducting devices
are usually designed to have sparse connectivity, because
otherwise crosstalk errors would be difficult to suppress. As
a result, quantum programs usually contain a large proportion
of SWAP gates after they are compiled to run on a super-
conducting device. In Section 7, we show the proportion of
SWAP gates in the post-compilation benchmark circuits.

When we select the 2Q basis gate set for each pair of qubits,
a top priority is to optimize the fidelity of the SWAP gate
that is built from the gate set. In this section we address
the following problem. Suppose we have full knowledge of
S C SU(4), a possibly infinite set of 2Q basis gates accessible
to us, and the hardware errors of all the gates in S. Then
which 2Q gate(s) from S will enable the optimal synthesis of
the SWAP gate? This is an easier problem than what we face
in practice. In a more realistic setting, we may not have full
information of S and the gate errors.

We discuss 3 approaches towards synthesizing a SWAP
gate: decompose it into 1, 2, or 3 layers of hardware 2Q gates.

SWAP in 1 layer: This requires a basis gate that is locally
equivalent to SWAP. In other words, the trajectory of the
available native gates needs to pass through the top vertex of
the Weyl chamber.

SWAP in 2 layers: We consider 2 cases: 2-layer decom-
position of SWAP using a single 2Q basis gate, and using two
different 2Q basis gates.

In the first case, the set of 2Q gates that are capable of
synthesizing SWAP in 2 layers are represented by 2 line

! An anonymous link to our code: https://anonymous.4open.
science/r/2q_gate_synthesis-42D4/
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Figure 6: Gates that are able to synthesize SWAP in 2
layers form 2 line segments in the Weyl chamber. The
red one is from the B gate to /SWAP, and the green one

is from the B gate to / SWAPT.

SWAP

Figure 7: Pairs of gates that are able to synthesize a
SWAP in 2 layers. In blue is an example trajectory that
deviates from the standard XY interaction, in orange are
the points that would complement the blue ones in syn-
thesizing a SWAP in 2 layers.

segments in the Weyl chamber as shown in Fig.6. One is from

the B gate to v/ SWAP and the other is from B to v/ SWAP'.
We denote them by Ly and L, respectively.

In the second case, for each point * in the Weyl chamber,
we can find exactly one point ;. such that they together
enable a 2-layer decomposition of SWAP (see Fig. 5). The
line segment from * to ;. always has one of Lo, L; as its
perpendicular bisector. Thus, given *, we can locate *;yyor by
rotating * by 7 around the closer one of Ly, L;. One example
pair of such points is CNOT and iSWAP. For a trajectory
that deviates from the standard XY trajectory (goes from
Identity to a point near iSWAP), its “mirror” is a trajectory
from SWAP to a point near CNOT (Fig.7). Since there’s
no overlap between the example trajectory and the “mirror”,
we conclude that the trajectory does not contain any pair of
points that is able to synthesize SWAP together in 2 layers.

In Appendix B we explain how to derive the results above.

SWAP in 3 layers: It is a well-known result that 3 invo-
cations of CNOT are required to implement a SWAP [37].
We show the circuit in Fig. 8. In fact, CNOT and iSWAP
share the property that they can synthesize any arbitrary 2Q
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Figure 8: The SWAP gate, decomposed into 3 CNOT
gates.
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Figure 9: Gates that are NOT able to synthesize a SWAP
in 3 layers.

gate in 3 layers but only a O-volume set of gates (in the Weyl
chamber) in 2 layers [30].

For our purpose, we need to know what other gates are
capable of decomposing SWAP in 3 layers. We only consider
3-layer decomposition of SWAP using a single 2Q basis gate
as in Fig. 12. Let Sgwap3 denote the set of gates that satisfy
our requirement. To determine whether a 2Q basis gate G
is in Sswap3, we first locate the corresponding Gpirror SUch
that G and Gy, together can provide a 2-layer decompo-
sition of SWAP. Then we apply Theorem 5.1 with Gjrror as
target and G as basis gate to check if there exists a 2-layer
decomposition of G,jrror into G.

We apply the method above to a sample of points in the
Weyl chamber, and obtain the distribution of gates that are
able to synthesize SWAP in 3 layers. Since the complement
of the set has a simpler shape, here we show a plot of Sswap3,
the points that are not able to synthesize SWAP in 3 layers,
in Fig. 9. A visual inspection tells us Sswap3 consists of 4
tetrahedra in the Weyl chamber. After locating the vertices
of the tetrahedra, we obtain Fig. 10. We also learn that the
volume of Sswap3 is 68.5% the volume of the Weyl chamber.
In Fig. 11, we show how an example trajectory is divided
into the part in Sgwap3 and the part in Sgwap3.

A 2Q gate trajectory starts from either Iy (or /1) and goes
out of the bottom left (or the bottom right) tetrahedron in
Fig. 10. If the trajectory does not go directly to SWAP, it will
enter Sswap3 after leaving the bottom tetrahedron that it starts
from. Thus, the fastest gate on the trajectory that synthesizes
SWAP in 3 layers can be found by locating the intersection
of the trajectory with the face {CZ,(%, %, ),(%,%,é)} or
{CZ’ (%7 %70)7 (%7 %7 %)}

Summary: Given a 2Q gate trajectory that deviates from
XY or XX, the most suitable 2Q gate for SWAP synthesis is
the fastest one on the trajectory that is capable of synthesizing
SWAP in 3 layers. Although some gates in the Weyl chamber
are able to synthesize SWAP in 1 or 2 layers, it is unlikely

Figure 10: Gates that are NOT able to

synthesize a SWAP in 3 layers. The
4 tetrahedra are defined by vertices
{h,CZ,(5,51.0), (6. 6.0 {CZ.1,(3,1,0),(2, 4, 8)}
{SWAP.(3,6.): (5. 5-¢) (3.3 5)}- and
(war LI LD AT

SWAP

iISWAP

Figure 11: An example 2Q gate trajectory. In blue are
the gates that are able to synthesize SWAP in 3 layers, in
red are the gates that unable to do so.

Figure 12: A general 3-layer decomposition of the SWAP
gate. Here the x can be replaced by any 2Q gate capable
of synthesizing a SWAP in 3 layers.



SWAP

Figure 13: Gates that are NOT able to synthesize
CNOT in 2 layers. The 3 tetrahedra in the plot are
defined by vertices {lo, (%,0,0), (%, %, %), VSWAP},

{1,(3,0,0),(3,1,0),/SWAP'}, and
{(SWAP,\/SWAP, VSWAP (1,1 1)}.

that the early part of the trajectory overlaps any of them.

5.4 Synthesis of other gates

The techniques that we use to study the synthesis of SWAP
also applies to other 2Q gates. For example, by applying
Theorem 5.1 to a sample of points in the Weyl chamber,
with CNOT as target, we learn that the gates that are able
to synthesize CNOT in 2 layers takes up 75% of the vol-
ume in the Weyl chamber. The complement Scyor,» con-
sists of 3 tetrahedra, as shown in Fig. 13. Therefore, on
a 2Q gate trajectory, we can locate the fastest gate that
synthesizes CNOT in 2 layers by taking the intersection of
the trajectory with the face {(1,0,0),(1,1.1),V/SWAP} or

{(2,0,0),(2,1.0), v SWAPT}. We can also locate the fastest
gate from the trajectory that can both synthesize CNOT in 2
layers and synthesize SWAP in 3 layers, by taking the first

intersection of the trajectory with Scyor2 NSswap3.

6. SELECTING BASIS GATES IN A REAL-
ISTIC SETTING

In the previous section, we discussed the synthesis of the
SWAP gate and other gates on a theoretical level. In an ideal
setting where we have full information about a native 2Q tra-
jectory, we will be able to immediately identify basis gate(s)
that gives us the highest fidelity implementation of SWAP or
other target gates. However, in practice, locating even 1 point
on the trajectory requires a nontrivial amount of work so we
can only afford to characterize a few points on each trajectory.
In this section we review how to experimentally characterize
an unknown 2Q gate, present an algorithm for selecting basis
gate sets in the presence of calibration overhead, and discuss
how the calibration overhead of our approach compares to
the standard approach.

6.1 Characterization of an unknown 2Q gate

SWAP

Iy

Figure 14: temp
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Let ¢ denotes the gate duration, and let w(z) represent the
Weyl coordinates of the gate on the trajectory with duration
t. On a quantum device, given a value of ¢ it is not hard to
implement the gate corresponding to w(z) if the pulse shape
is a known function of r. However, characterizing the gate
requires quantum process tomography (QPT). QPT [6,32] is a
well-established technique that fully characterizes a quantum
gate by computing the process matrix . For a 2Q gate G,
x(G) is a 16 by 16 matrix where each entry is defined as the
probability

pij = ((E}|GIp3). 3)

In Equation 3, E; (j=1,...,16) and |p;) (i=1,...,16) can
be any complete bases for the Hilbert-Schmidt spaces they
live in. Each probability can be estimated by taking the
average of a set of measurement results.

Recently, gate set tomography (GST) [11] [26] has been
proposed to isolate the state preparation and measurement
(SPAM) errors in QPT, and selected quantum process to-
mography (SQPT) has been developed to compute selected
elements in a process matrix [3, 10, 28].

6.2 Our strategy

In this work, we propose and test two criteria for selecting
2Q basis gates from native 2Q trajectories.

1. Select the fastest gate on the trajectory that can synthe-
size SWAP in 3 layers.

2. Select the fastest gate on the trajectory that can both
synthesize SWAP in 3 layers and synthesize CNOT in
2 layers.

As explained in Section 5.3, the gate that meets Criterion 1
can be found at the intersection of the 2Q trajectory and one of
the 2 faces {CZ7 (%7 41170)7 (%7 %7 %)} and {CZ7 (%7 %7 )7 (%7 %7 %
And as explained in Section 5.4, the gate that meets Criterion
2 can be found similarly. With this insight, we can locate the
desired 2Q basis gate after characterizing a small number of
points on the trajectory.

The algorithm for locating the desired gate under Criterion
1 is as follows. With a tolerance threshold #,;,, we want to
find #;,, such that w(z;,) is the intersection of the trajectory
and one of the two faces. Let w(t) be the first point that we
characterize on the trajectory. By taking the dot product of
w(to) and the normal vectors of the two faces, we can deter-
mine whether w(ty) is inside one of the bottom tetrahedra
in Fig. 10. If w(zp) is inside one of the two tetrahedra, then
fo < tyn. In this case we let t; = 2fy and characterize w(t).
We increase ¢ until finding #, such that w(z,) is outside both
of the two tetrahedra. Then we know t;,, is between ¢,,_ and
t,. We can perform a binary search in this interval to get
within the tolerance threshold. If w(fp) is outside both of the
two tetrahedra, the procedure is similar except we decrease ¢
until w(#,) is inside one of the two tetrahedra.

The strategy for Criterion 2 is similar. After characterizing
each point w(f;), instead of only checking whether it is inside
one of the two bottom tetrahedra in Fig. 10, we also check
whether it is inside one of the two bottom tetrahedra in Fig.

SWAP

iSWAP

Figure 15: Locating a good 2Q basis gate on an example
trajectory. The 1 red circle is the 2Q gate that we choose
from this trajectory using Criterion 1. The 8 blue circles
are the other gates we characterize in the process. The 7
circles (1 red and 6 blue) in the middle are close to each
other in the figure.

13. We want to locate the first point on the trajectory that is
outside of all 4 tetrahedra.

In Fig. 15 we show an example of applying Criterion
1. In this example, 9 points are characterized in total, with
t =10,20,30,25,22.5,23.75,23.125,23.4375,23.28125 ns.
The selected point is at fg = 23.4375ns.

Our strategy can be easily adapted to other criteria for se-
lecting basis gates. For instance, we can locate the fastest
perfect entangler on a 2Q trajectory, by finding the intersec-
tion of the trajectory with the faces {CZ,/SWAP, (1,1,0)}

and {CZ,/ SWAPT7 (3,1,0)}. Combining the PE criterion
with Criterion 1, we can locate the fastest gate on the trajec-
tory that is both a PE and can synthesize SWAP in 3 layers.
We can also try using the first local maximum of the entan-
gling power on each trajectory as basis gate. These alternative
criteria can be explored in future work.

6.3 Calibration overhead

Selecting a 2Q basis gate from a native trajectory requires
more calibration time than calibrating a standard gate from
a standard trajectory. The reason is two-fold. First, charac-
terizing an unknown gate is harder than assessing the fidelity
of a known gate, especially a standard gate like CNOT and
iSWAP. Second, identifying the desired 2Q basis gate from a
native trajectory requires characterizing multiple points.

Experimentally characterizing an unknown gate requires
QPT, while the fidelity of a known gate can be assessed by
randomized benchmarking (RB). Both QPT and RB [16,21,
36] are well-established techniques that vendors like IBM and
Rigetti use to measure the fidelity of their gates. Either QPT
or RB can be applied to multiple 2Q gates on the same device
simultaneously, as long as they do not act on the same qubits.
So the calibration overhead does not scale with the size of the
device. Although QPT scales worse for multi-qubit systems,
characterizing 2Q gates only involves systems of 2 qubits so



QPT is still viable. As explained in Section 6.1, applying
QPT on a 2Q gate requires 16 x 16 sets of experiments. Each
experiment circuit consists of a pre-rotation that prepares the
input, applying the 2Q gate to the input, post-rotation into
the desired basis, and measurement. Compared to QPT, RB
requires fewer sets of experiments but each experiment has
a longer circuit. RB measures the average gate fidelity in a
system by running sequences of random Clifford gates that
multiply to the Identity gate. The average gate fidelity is
extracted from the plot of the success rates (of measuring
the expected ground state) versus lengths of sequence. The
fidelity of a Clifford gate like CNOT can be experimentally
assessed by interleaved randomized benchmarking (iRB) [22],
an extension of RB in which the gate of interest is interleaved
throughout a sequence of random Clifford gates. To assess
the fidelity of a non-Clifford gate like the square root of
iISWAP, we need interleaved fully randomized benchmarking
(iFRB) [13] where the random Clifford gates in iRB are
replaced by Haar-random gates.

Our approach to selecting 2Q basis gates from a native
trajectory involves characterizing multiple points, which also
increases the calibration overhead. The number of points
we need to characterize on each trajectory depends on the
precision threshold we choose and the amount of information
we learn from previous calibration cycles. On the 180 gate
trajectories that we simulate (see Section 7 for details), we
need to characterize an average of 8.9 (10.0) points on each
trajectory when using Criterion 1 (Criterion 2) and a precision
threshold of 0.2ns. One can reduce the calibration overhead
by relaxing the precision threshold. Another way to lower the
overhead is to estimate the duration of the desired basis gate
on each trajectory using information from prior calibration
cycles. With this information, the search of a desired basis
gate can be simplified to conducting a binary search in a
potentially narrow range. The extent to which we can reduce
the calibration overhead is a topic for future work.

7. EVALUATION

7.1 Methodology

We simulate a 10 by 10 device with grid connectivity (Fig.
16), where the qubit frequencies are sampled from two nor-
mal distributions with means that differ by 2GHz. The high
and low frequency qubits are shown in different colors. Each
edge connects two qubits with different colors. We use a 5%
standard deviation for sampling the qubit frequencies. Exper-
imentalists have demonstrated a smaller standard deviation
of about 0.5% [12], but we want to show that our method still
works when there is a wider distribution in qubit frequency.

Between each pair of neighboring qubits on the 10 x 10
grid, we simulate a “native” 2Q trajectory and a direct CZ
gate as baseline according to Section 4. Then on each “native”
trajectory, we select 2Q basis gates using Criterion 1 and 2
(respectively) according to Section 6.2. We test these 3 sets of
2Q basis gates on common application circuits as benchmarks.
We use the Qiskit [2] transpiler with the “SABRE” [20] lay-
out and routing methods to map the benchmarks circuits to
the 10 x 10 grid connectivity. Then the transpiler keeps the

oo.
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Figure 16: device simulation

SWAP gates and decompose all other 2Q gates (if any) to
CNOT. Finally, we synthesize the SWAP and CNOT gates
using each set of 2Q basis gates. This is a simplistic approach
that favors the baseline since it directly implements a local
equivalence of CNOT. The alternative of directly decompos-
ing all gates into the basis gates takes a longer compilation
time but would result in a larger gain for the “native” trajec-
tories.

Decoherence is the dominant hardware noise in our noise
model, because crosstalk is suppressed by the high detuning
in the qubits. For each qubit, we model the decoherence error
as 1 —e /T where 1 is the lifetime of the qubit in a program
and T is the coherence time of the qubit. We set T to a typical
value of 8 x 107> s for all qubits. We compute ¢ as tr—t,
where #; is the start of the first gate on the qubit and #; is
the end of the last gate on the qubit. The total decoherence-
limited fidelity of a circuit is the product over the ¢ */7 term
from each qubit.

We also record the decomposition errors that come from
approximations in circuit synthesis. However, they are negli-
gible compared to the decoherence errors, and can be reduced
to arbitrarily close to O in theory. Thus we do not include
them in the results.

7.2 Results

First we synthesize SWAP and CNOT gates using the di-
rect CZ gates from the baseline and the 2Q basis gates chosen
using Criterion 1 and 2, respectively. The average durations
of the synthesized SWAP and CNOT gates from the 3 ap-
proaches are summarized in Table 1. For the 1Q gates in the
gate and circuit synthesis, we use 21.33 ns (a typical value on
fixed-frequency transmons, taken from [14]) as the duration.
The synthesized SWAP (CNOT) gates from Criterion 1 and 2
are 30.7x and 30.2x (10.3x and 14.3x) faster than the base-
line, respectively. The differences in gate duration translate
to 29.1x and 28.6x (10.1x and 14.1x) improvements in the
decoherence errors of the individual gates.

In Fig.17,18,19,20,21, we show the success rates (circuit
fidelities) of 5 sets of benchmark circuits, when transpiled
to different sets of 2Q basis gates. The success rates are nor-
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|| basis SWAP CNOT ”

Baseline 1607 4907 1650
Criterion 1  24.84 159.8 159.8
Criterion2 25.66 1623 1153

Table 1: Average duration (in ns) of the 2Q basis gates
and the synthesized SWAP and CNOT gates, from base-
line, Criterion 1, and Criterion 2.

malized to the baseline and shown in log scale. Also shown
in the graphs are the proportions of SWAP and CNOT gates
in the post-compilation circuits. On each set of benchmarks,
the improvement factors (of Criterion 1 and 2, relative to the
baseline) grow exponentially in the size of the benchmark.
On most of the benchmarks, Criterion 2 performs better since
it has significantly faster CNOT gates and only sightly slower
SWAP gates compared to Criterion 1.

8. DISCUSSION

It is not surprising that a 10x to 30x advantage in gate
duration gets amplified to an exponential advantage in the
overall circuit fidelity, given the relation between gate fidelity
and circuit fidelity. Our results show that for fixed-frequency
transmons, and perhaps also other technologies, we can im-
prove the fidelity of 2Q gates if we do not treat the coherent
deviations in gate trajectories as errors. A direction for future
work is to experimentally demonstrate the selection of 2Q
basis gates following the strategies in this work, and test the
calibration overhead.

The direct CZ gates we use as baseline are slower than
the 200ns direct CNOT gate recently demonstrated by [14],
which is not supported on their devices yet. With a 200ns
CNOT gate, one can synthesize a 600ns SWAP gate (Fig.
8). But the 200ns CNOT and 600ns SWAP gates are still
slower than the SWAP and CNOT gates synthesized from
the “native” trajectories. Also, note that while the gates
we simulate do not suffer from leakage thanks to the high
detuning and any coherent deviations (by the definition of
native trajectory), the direct CNOT in [14] suffers from severe
crosstalk in addition to the decoherence error. In order to keep
the manuscript focused, we do not consider gates between
tunable transmons.

9. CONCLUSION

The idea of a uniform set of basis gates naturally arose from
early notions of universal gate sets, which experimentalists
then adapted to their favorite technologies. By looking at the
theory of possible entanglers, we have found that there are
many options, and that these options behave differently on
each pair of interacting qubits in a machine. This led us to a
radically new idea, why be constrained to a single canonical
gate (eg CX or CZ)? Why not tune up the gate that will have
the highest fidelity between every pair of qubits, allowing
each to differ and have adjust for these variations in software?

In this paper, we examined the space of possible entanglers
and developed a method for practically finding a high-fidelity
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entangler between every pair of qubits. We find that these
heterogeneous basis gates are more than 10X better in fidelity
than traditional basis gates. We then evaluate these heteroge-
neous basis gates on a number of benchmark circuits and find
fidelity improvements that scale exponentially in benchmark
size. We believe that our approach is great example of letting
the software make the hardware’s job easier, and we hope
that this kind of adaptive basis-gate design will lead to further
innovation in future quantum systems.

APPENDIX

A. HAMILTONIAN OF 2 QUBITS COUPLED
WITH A TUNABLE COUPLER

The system Hamiltonian of the two qubits coupled with a
tunable coupler can be modelled as [31]-

H(t)=H,+H,+H.(t) + H,, 4)
with

N ,
A1) = @ ()dfe+ 5ee, ©)

I:Ig = _gabaATl; - gchTé_gcaéTaA
Ant

* ATT * 7oAt *
7gabab *gbeC —8calld

where @, ;) corresponds to the qubit a(b) frequency, g;;
represents capacitive coupling strength between elements i
and j. The entangling interaction is realized by modulating
the coupler frequency as (1) = ®° + & sin(wyt).

B. SWAP SYNTHESIS IN 2 LAYERS

See the circuit in Fig. 4. Let A = SWAP we get the equation
SWAP = (e® f)C(c®@d)B(a®b).

Move e® f and a ® b to the other side and move e ® f through
SWAP,

Clc®d)B=(e® f)'SWAP(a
= SWAP(f®e)'(a
= SWAP(fa®eb)".

@b)"
@b)’

Move (fa®eb)' to the LHS, and C to the RHS,
(c®d)B(fa®eb) = C"SWAP.

This equation tells us that, B and C can synthesize SWAP
as in Fig. 4 if and only if the Cartan coordinates of B are
equal to the Cartan coordinates of CTSWAP up to canoni-

calization. Let B ~ (x,y,z) and C ~ (x',y’,7’), then we have

(x,3,2) ~ (=¥, —y,—Z) +(3,1,%). From this we can tell

that for every local equivalence class [B] of 2Q gates, there



is exactly one local equivalence class [C] such that [B] and
[C] together can synthesize SWAP in 2 layers. And since
we know how to canonicalize Cartan coordinates into points
within the Weyl chamber, given [B] we will be able to find
the corresponding [C]. Here we do not elaborate on how we
identify the geometric relation between [B] and [C] inside
the Weyl chamber, but the readers can check our claim by
applying Theorem 5.1.
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